Purpose: It is known that white matter modeling based on commonly used linear diffusion encoding is an ill-posed problem. We analyze the additional information gained from a double pulsed diffusion encoding. Methods: Zeroth (spherical means) and second-order (harmonic powers) rotation invariant signal features are used to factor micro-and mesoscopic contributions. The b-value dependency up to second-order of the features form 6 nonlinear equations, which are analyzed. Results: The 6 derived equations can be uniquely solved for all relevant biophysical parameters. No assumptions about the form of the mesoscopic contribution (fiber dispersion) is necessary. Under certain conditions the solution still shows a certain degeneracy which is inherent to model. It is further shown that a combination of second-order information from single and spherical diffusion encoding is not enough to solve the problem. Conclusions: A combination of single and double pulsed diffusion encodings is sufficient to solve the full 3 compartment white matter model uniquely. K E Y W O R D S Diffusion MRI, double diffusion encoding, white matter modeling How to cite this article: Reisert M, Kiselev VG, Dhital D. A unique analytical solution of the white matter standard model using linear and planar encodings. Magn Reson Med. 2019;81:3819-3825.
| INTRODUCTION
Diffusion-weighted magnetic resonance imaging in brain white matter probes tissue microstructure and allows for the estimation of compartmental diffusion parameters. Recently, it became apparent that traditional single-direction diffusion encodings are not sufficient to resolve the white matter compartmental diffusivities within the low b-value regime. Multiple diffusion encodings have been suggested to make the problem less ambiguous, however, it still remained unclear whether such protocols would completely solve the problem. Here, we constructively prove that a combination of linear and planar diffusion encodings is enough to determine the parameters of the 3-compartment white matter model. For a long time, attempts to multi-compartment modeling in brain white matter (WM) with simple single diffusion encodings [1] [2] [3] [4] led to ambiguous results. 2, 5 For example, it was argued 1 that intra-axonal diffusion is substantially smaller than extra-axonal diffusion along the axons, while others argued for the opposite. 4, 6 Multiple diffusion encodings offer substantially more information than ordinary single diffusion encoding schemes. 7, 8 However, most efforts in understanding the additional information gained by such methods were focused on dispersed single-compartment systems thus revealing apparent measures like eccentricity, microscopic, and fractional anisotropy. [7] [8] [9] Recent studies have investigated the benefits of using multiple diffusions encodings to resolve white matter compartmental parameters. 10, 11 For example, spherical diffusion encodings shows very low kurtosis in white and gray matter, 6 which gives rise to the assumption that traces of the tissue compartments are similar. Additional spherical encodings were used to stabilize fits and release constraints. 12 Or, a combination of linear and planar encodings was used with the same intention. 13, 14 Thus, the question arises, what kind of protocol is sufficient to solve the problem uniquely? This short note contributes to the answer of this question.
We will show that a combination of linear and planar encodings is indeed enough to provide a unique solution of the full 3-compartment model of brain white matter using (b 2 ) measurements. The key ingredient of the approach is that a combination of linear and planar measurements provide a direct estimate of the mesoscopic orientation dispersion, without relying on any other concurrent estimates. We further discuss an inherent model property which is under special conditions, this solution still shows an ambiguity. Finally, we demonstrate by a few examples the inadequacy of linear and spherical encoding to resolve the problem (taking only (b 2 ) coefficients).
We note here that while this study exploits the difference in the three-dimensional profiles of different water compartments, there are also attempts to vary non-diffusion related variables like echo-time 15 and the use of contrast agents 16 to gain more information about compartmental diffusion properties. Also varying diffusion time 17 and the use of extraordinary high b-values 18 are possibilities to achieve more information, however, these approaches rely on different assumptions than discussed in this study.
| METHODS
We use the standard white matter tissue model as proposed in Refs. [2, 3] . In contrast to Ref. [4] , in this model both intraand extra-axonal compartments undergo the same convolution with the mesoscopic orientation distribution.
In this model, for any general encoding matrix B, the signal is where f(n) is an arbitrary, normalized orientation distribution function, and M(n, B) the axially symmetric, multi-exponential microstructural model with symmetry axis n (the single fiber response function with fiber direction n). That is, the signal is a weighted linear combinations of identical, but rotated, single fiber response functions. It is important to note that the response functions are independent of the orientation, i.e. all microstructural parameters are the same within a voxel, which is most probably an oversimplification, but the only way to make analysis tractable.
The diffusion tensor of intra-and extra-axonal fractions are parametrized as where D ∥ i is the diffusivity inside and along the axon, D ⟂ e the perpendicular diffusivity in the extra-axonal space, and Δ e + D ⟂ e the extra-axonal diffusivity along the axon. Finally, D f is the isotropic diffusivity of free water, which is set to 3 μm 2 ∕ms in all further considerations.
We now focus on linear encoding B lin = bqq T and planar encoding B pla = b(I 3 −T )∕2, where q is the diffusion gradient direction of modulus one in case of linear encoding, and the vector normal to the gradient "plane" for planar encoding. The b-value b is defined as the trace of the b-matrix. Rewriting the microstructural model in terms of the cosine t = q T n between encoding direction and axon orientation gives, In this formulation, the convolution with the mesostructural orientation distribution f(n) takes the form where α = linear or α = planar depending on the gradient waveform. Note that S (q, b) is normalized in the sense S (q, 0) = 1.
The key to decouple micro and mesostructural contribution is to work in the domain of spherical harmonics. The spherical convolution turns out to be a product of the 2 spherical harmonic representations, f l, m and M l (b), of f(n) and M (t, b), respectively.
We use here the semi-Schmidt normalization a as in Ref. [3] . The signal is characterized by a set of quantities that are rotationally invariant for any signal-generating tissue.
Here f l = � ∑ m �f l, m � 2 > 0 is the rotation invariant mesoscopic dispersion. For both linear and planar encodings, we define the moments where sgn(x) = x/|x| and P l (t) the Legendre polynomials. We do not write the delta-functional term for l ≥ 2 that arises when differentiating the absolute value, since M l (b) as functions of b never cross zero. The definite signs of M l (b) follow from their physical meaning of the signal from the idealized unidirectional fiber bundle, since diffusion is faster along such a bundle, M 2 lin < 0 and M 2 pla > 0, for all meaningful constellations of microstructural parameters. Introduction of these definite signs is sufficient to resolve the ambiguity borne by taking the square in Equation (7), which is necessary to build rotation invariant quantities.
Note that the moments defined in Equation (8) generalize the moments used in Ref. [2] ; for linear encoding W l, k lin ∝ M (2k), l following definitions in Equations (11a-d) and Appendix C of that paper.
| RESULTS
The white matter model described above includes one known (the free water diffusivity, D f ) and 5 unknown scalar parameters: intra-axonal difusivity (D ∥ i ), extra-axonal radial diffusivity (D ⟂ e ), difference between extra-axonal parallel and radial diffusivity (Δ e ), and the volume fractions
The orientation distribution function f(n) contains an infinite set of coefficients. In this section we show that resolving the signal for both linear and planar encoding up to the order b 2 and l = 2 enables unambiguous determination of the scalar parameters and the first non-trivial coefficient,
The corresponding moments are expressed via the model parameters as follows:
These expressions straightforwardly follow from Equation (8) . Note the absence of the moments W l, 1 pla -in this order (linear in b) measurements with any shape of B is equivalent to a set of single-direction measurements and thus do not add any extra information. 19, 20 The equalities W 0, 1 lin = W 0, 1 pla and W 2, 1 lin = 2W 2, 1 pla , which can be observed from the fact that M pla (t, b), Equation (4), can be obtained from M lin (t, b),
Complimentary information can be found in the second (or higher) order of b. Again note, that Equations (10-13) are up to normalization factors equivalent to the Equations (11a-d) of Ref. [2] .
The dispersion parameter, f 2 , can be easily found from Equation (12) to (15) Note that the denominator is just the average microscopic anisotropy over the compartments, 7 
Finding other parameters is not so straightforward. By the help of the already known parameter f 2 , we define a set of auxiliary variables x i as follows This system including the constraint on the compartment water fractions will be now solved to infer the model parameters. To prevent singularities in the derivations, all parameters hereafter are restricted to be strictly positive. Let's express all unknowns in terms of v f . From simple algebra applied to Equations (18) and (19) and then Equation (20) we find 
The intra-axonal parameters are expressed from Equations (16) and (17) By inserting this v f into Equations (22)-(24) we obtain the full solution for all parameters, which is our main result. We now analyze the case of zero denominator in Equation (28), which will express an ambiguity inherent to the model itself. Substituting the defining expression for the x i 's, Equations (16)- (20) , gives for the denominator the form 2 and the same form multiplied with v f for the numerator. This means that for the special case there is no information about v f , because Equation (27) gives no further constraint on v f . In other words, the equation v i + v e + v f = 1 is automatically fulfilled for any v f . Thus, Equation (29) determines a 4D hypersurface in parameter space. Within this hypersurface, i.e. for all models in this manifold, the (b 2 ) parameter estimation is degenerate. Moreover, the structure of the degeneracies within this 4D hypersurface is such that there are lines along the surface for which the corresponding 'measurements' x 1 , … , x 5 are constant: these lines are defined by Equations (22)-(24) which are parameterized by v f . Note, that the v f -parametrization is rather arbritrary and just comes from the presented analytical derivation. All volume fractions are involved in the degeneracy. One can see this by interpreting Equations (16) , (18) and (21) as a linear system in the volume fractions with given diffusivities. The determinant of the so constructed system is just the left-hand side of Equation (29)-its zero value implies a linear dependency in the equations, thus resulting in an infinite number of solutions.
To understand the physics behind the degeneracy condition, Equation (29), consider first 2 special cases. If D ⟂ e = 0, Equation (29) gives Δ e = D ∥ i , which means that the extra-axonal compartment is indistinguishable from the intra-axonal one. In this case the original 3-compartment model appears as a 2 compartment model consisting of a stick compartment (perpendicular diffusivity is zero) and an isotropic free water compartment. The other extreme case is an isotropic extra-axonal compartment, Δ e = 0, in which case it is indistinguishable from free water, D ⟂ e = D f , thus again, it appears to be a 2 compartment model. The surprising fact is, that we found a family of solutions that interpolates between these 2 special cases, which is shown in Figure 1 , as a functions of v f . This solution only exists for a specific choice of diffusivities obeying Equation (29). All shown models have exactly the same moments up to second order. Outside the displayed interval, the model is unphysical with several negative parameters. Interestingly, the intra-axonal diffusivity is not subjected to the ambiguity. In that case, one can find
Note the similarity of the above degeneracy to the bi-exponential model when the diffusivities in 2 compartments are equal. Equation (29) expresses this inherent drawback of multi-exponential models exemplified by the standard white matter model.
What happens if the tissue truly consists of only 2 compartments? In this case, the 5 x i must be dependent, since they are expressed via 4 independent model parameters. The dependence can be formulated as
Practically, a significant deviation from this condition would indicate inadequacy of the 2-compartment model. Here we show that the dispersion can also be expressed directly in terms of the signal. Recall that the moments W l, k define the Taylor expansion of S l (b) in powers of b according to Equation (8) . Therefore, the function
| Determination of mesoscopic
reproduces Equation (15) with account for the identities W 0, 1 lin = W 0, 1 pla and W 2, 1 lin = 2W 2, 1 pla . Practically, one has to consider the function and fit it linearly to find its value for b = 0.
| Linear and spherical encodings are not sufficient
The natural question arises to what extent linear and spherical encodings are able to determine the model parameters. For spherical encoding, we have Again, we assume that only moments up to (b 2 ) are observable, i.e. W 0, 1 lin , W 0, 2 lin , W 2, 1 lin , W 2, 2 lin , W 1 sph , W 2 sph are known. We know that W 1 sph = W 0, 1 lin , so linear and spherical encodings give 5 equations up to order two. In the absence of a fast water fraction it was analytically shown 2 that the 4 equations coming from the linear encoding lead to 2 1D manifolds of solutions, which are parametrized by the dispersion parameter f 2 . The existence of the 2 manifolds originates from the 2 roots of a quadratic equation and leads to emergence of a discrete degeneracy. One additional constraint removes the continuous 1D degeneracy. However, resolving the discrete degeneracy depends on whether the corresponding hypersurface in parameter space crosses one or both solutions provided by the linear encoding. Numerical examples shown in Table 1 suggests the latter. In other words, linear and spherical encodings together are not able to resolve the model parameters without a remaining discrete degeneracy. In principle, it is possible to derive analytical expression for the parameters using the known solution manifolds 2 and the constraint obstructed by the spherical encoding, however, we refrain from reporting them here, because the expressions are rather humongous and intransparent and are only meaningfully handled by a computer algebra system. We just report in Table 1 a few numeric examples, where both roots lead to physical meaningful results, where mainly v i , Δ e and D ⟂ e are confounded. The parameters D ∥ i , f 2 and Δ e + D ⟂ e are rather stable. This goes in line with the observation that a spherical encoding can resolve the ambiguity of the parallel diffusivities, 1, 6, 12 but still has to struggle with Δ e , D ⟂ e and v i . In Figure 2 we show signal courses for the 3 examples. Note, that in all examples the dispersion parameters do not differ too much between the 2 equivalent solutions, which means that the ambiguity can also be attributed to problems associated with biexponential models and not dispersion. It is mainly the perpendicular direction with its comparable low diffusion coefficients, which is responsible for the confusion. From the examples, it becomes also apparent that spherical means (even if linear and planar encodings are combined) are not enough to resolve the parameters.
for varying v f . All these models have the same linear and planar moments up to order two. For v f = 0 the system looks like 2 compartments: one nearly isotropic extra-axonal compartment and a stick compartment. As v f is approaching values above 0.37 the extra-axonal compartment starts to behave like a stick and the intra-axonal compartment disappears and the system looks again like a 2-compartment system 
| DISCUSSION
We have constructively shown that linear and planar diffusion encodings can fully resolve the 3-compartment model of white matter using data up to the order (b 2 ) and l = 2. The common experience with the diffusional kurtosis imaging 21 indicates the practical availability of (b 2 ) terms. While in principle, these terms include information for l ≤ 4, the order l = 4 is spoiled by noise as it was shown for a typical twoshell measurement on an advanced scanner with the maximal gradient strength 80 mT/m (Figure 2 in Ref. [3] ). On the other hand, we have also shown by examples that l = 2 terms are indispensable for estimation. Our analysis also highlighted a special situation of ambiguous solution due to an inherent inability of multi-exponential models to resolve compartments with the same or similar parameters. Of course, the "similarity" of 2 compartments depends on the diffusion weighting, so, at low diffusion weighting as discussed in this paper these problems become even more apparent. The only way to distinguish such compartments is measuring in a domain where their differences get obvious, for example, in the large bvalue regime, where stable estimates of higher order information becomes possible. Without such information, a stable parameter estimate is only possible relying on prior knowledge.
We have also shown that a combination of spherical and linear encoding is not enough to find a unique solution in order (b 2 ). In fact, (b 2 ) information delivered by a spherical encoding is fully contained in the combination of linear and planar information, namely W 0, 2 sph = (4W 0, 2 pla − W 0, 2 lin )∕3, which renders a spherical encoding in the presence of linear and planar encodings in the low b-value regime superfluous. In fact, it is a fortunate coincidence that (b 2 ) information spanned by linear and planar diffusion encoding (it is actually the "full" encoding in (b 2 ) for multiple Gaussian compartments) is 6 dimensional (Equations (9)- (14) ) and the parameter space of the 3 compartment white matter model has also 6 free parameters, Equation (2).
The derived mapping is only valid for noiseless signals, i.e. when the signal is in the image of the modeling equation. For practical applications the obtainable signal-to-noise ratios are usually too low for a robust estimation of the moments. 22 A recent preprint 23 shows by numerical simulations that in a slightly simplified setting (2 compartments and Watson distribution) also in the noisy case the degeneracy is alleviated. The importance of the analytical solution lies in its justification for parameter estimators that rely on unimodal posterior distributions like the one proposed in Ref. [3] . Note that for S 2 lin and S 2 pla differences are enlarged by a factor of ten
